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Effects of Mass Layer Nonuniformity
on a Quartz-Crystal Microbalance
Nan Liu, Jiashi Yang, and Weiqiu Chen
Abstract—We study the effects of the nonuniform thickness of
a thin mass layer on a quartz-crystal microbalance. A theoretical
analysis is performed on thickness-shear (TSh) vibration of an
AT-cut quartz plate with a nonuniform mass layer. Mindlin’s 2-D
equation for TSh vibration of a quartz plate is used. An elliptical
mass layer with stepped thickness is considered which allows
an exact analysis based on the plate equation. Free vibration
frequencies and modes are obtained. The effects of the mass layer
nonuniformity are examined. Results show that a mass layer
thicker at the center tends to confine more modes under the mass
layer and push the distribution of the TSh displacement toward
the center.
Index Terms—Mass layer, Mindlin’s equation, quartz-crystal
microbalance, thickness-shear vibration, vibration mode.
I. INTRODUCTION
Q UARTZ-CRYSTAL resonators (QCRs) operating withplate TSh modes have been widely used to monitor
thin-film deposition for quite some time based on the
inertia-frequency effects of the thin film on the QCRs, and
are called quartz-crystal microbalances (QCMs) for thin-film
and other applications, such as mass, chemical, and biological
sensing. The effect of a thin film on a QCR is multifold,
including thin-film mass density (inertia), elastic constant
(stiffness), and thickness, etc. In the simplest description (the
well-known Sauerbrey equation), the inertia of a thin film
lowers the resonant frequencies of a QCR [1], [2]. This effect
alone can be used to measure the product of the thin-film mass
density and thickness. There have been more sophisticated
1-D models based on pure TSh modes depending on the plate
thickness coordinate only, showing both the inertial and stiff-
ness effects of the mass layer [3], [4]. These pure thickness
mode models are valid for uniform films on unbounded plates
only, without inplane variations in the plate. Behaviors of
real devices are more complicated for several reasons and
can deviate, sometimes considerably, from the results of pure
thickness mode models. For example, due to the so-called
energy-trapping phenomenon, the TSh vibration is not uniform
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and is mainly under the mass layer and decays exponentially
away from the mass layer edge. There have been few attempts
that consider the inplane variation of the TSh mode [5]–[7].
Recently, it has been pointed out [8] that the mass layer on
a QCM is sometimes nonuniform and its effects are not well
understood. Therefore, further research is needed in this direc-
tion. This paper is concerned with a nonuniform mass layer on a
QCR. While there have been a few published results on nonuni-
form mass layers or nonuniform electrodes either for QCMs
[9], [10] or energy trapping in resonator applications [11]–[14],
these analyses are all for strip resonators with mode and mass
layer (or electrode) thickness variations depending on only one
inplane coordinate. For an accurate understanding of the effect
of nonuniform mass layers in real devices, a more sophisticated
analysis with the mass layer thickness and mode variations de-
pending on the inplane coordinates of the resonator plate is
necessary.
In this paper, we study the effect of the nonuniform thickness
of a thin mass layer on a QCR with inplane variations in both
directions. A theoretical analysis is performed using Mindlin’s
2-D equation [15] for TSh vibrations of a quartz plate. An el-
liptical mass layer with stepped thickness is considered. The
number of steps in the mass layer thickness variation is arbitrary.
Therefore, the model can approximate a gradually varying mass
layer thickness to any desired accuracy using a sufficiently large
number of steps. An elliptic mass layer is chosen because it is
known to be most compatible with the distribution of the TSh
vibration and, therefore, it is optimal in the sense of [16] and
[17]. Due to material anisotropy, an elliptical mass layer allows
an exact analysis based on the plate equation while a circular
mass layer does not.
II. STRUCTURE
For our purpose, it is sufficient to consider an unbounded
plate of AT-cut quartz as shown in Fig. 1. The plate has a thick-
ness and a mass density . There is a thin, elliptical mass
layer with stepped thickness on the top of the crystal plate. The
density of the mass layer is . Its varying thickness is which
is piecewise constant between two neighboring ellipses. The
mass layer is assumed to be very thin. Only its inertia will be
considered. Its stiffness will be neglected [1], [2]. Consider the
case of ellipses. The th ellipse represents the boundary of
the mass layer. Beginning from the center, the th ellipse is de-
scribed by
(1)
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Fig. 1. Top and side views of a quartz plate with a nonuniform mass layer of
stepped thickness.
The semimajor and semiminor axes are and ,
respectively. We also denote and . For
AT-cut quartz, 79.27, and .
The ratio between the major and minor axes is 1.26 which is
very close to the optimal electrode shape determined in [16]
and [17]. We need to analyze regions of
with . Quartz is a material with very weak
piezoelectric coupling. For a frequency analysis, we will neglect
the small coupling as usual.
III. GOVERNING EQUATIONS
In general, TSh vibration may couple to flexural motion in
a quartz plate. This coupling depends on the plate dimensions
and is strong only for certain aspect ratios (length/thickness) of
the plate [15]. For thin plates, the coupling to flexure is less
likely to occur. For our purpose, we assume that the coupling
to flexure has been avoided through design and we will con-
sider pure TSh vibration with the following approximate dis-
placement field [16]:
(2)
where is the plate TSh displacement. We consider
free vibrations with a frequency which is to be determined.
For the th region, the governing equation for in [15]
(3)
where are the usual elastic stiffness constants, and
(4)
(5)
are the elastic compliances. From (3), we can determine
the so-called cutoff frequency of the fundamental TSh mode
independent of and as
(6)
where the approximation is for small and is not used in the
remainder of this paper. Above the cutoff frequencies, the fields
are oscillatory. Below the cutoff frequencies, the fields decay or
grow. We consider the case when the mass layer is thicker in the
middle as shown in Fig. 1 with
(7)
We are interested in the so-called energy trapped modes for
which the frequency is within the interval of
(8)
In this frequency range, is oscillatory in the inner most cen-
tral region under the mass layer and decays outside the mass
layer. In an annular region of the mass layer, may be oscilla-
tory or decaying depending on whether is above or below the
cutoff frequency of the particular annular region.
IV. FREE VIBRATION SOLUTION
In the plane, we introduce a new coordinate system
by
(9)
In this new coordinate system, the ellipses in (1) are transformed
into circles described by
(10)
Equation (3) becomes
(11)
We then introduce a polar coordinate system defined by
(12)
We are only interested in modes that are independent of . Then,
(11) becomes
(13)
where
(14)
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To be specific, we consider the case when is within
(15)
In this case, the TSh motion is oscillatory everywhere under the
film and decays outside the film. Other cases are possible and
can be treated similarly. Under (15), for , we
have . For , and we
denote . Then, in different regions, general
solutions to (13) can be written as
(16)
(17)
(18)
where , , , and are undetermined constants.
and are the zero-order Bessel functions of the first and second
kinds, respectively. They oscillate and decay according to
for large . is the zero-order modified Bessel function of the
second kind which decays exponentially at infinity.
At the interfaces between neighboring regions, we have the
continuity of and its normal derivative [18]
(19)
(20)
(21)
(22)
(23)
(24)
where a prime represents the differentiation with respect to the
entire argument or . Equations (19)–(24) represent
linear homogeneous equations for and , , and . For
nontrivial solutions of the undetermined constants, the determi-
nant of the coefficient matrix must vanish, which gives the fre-
quency equation that determines the resonant frequency . This
Fig. 2. Trapped modes for Case 1), uniform film     5 mm and    2.5%.
will be performed numerically on a computer. The following
identities are used to simplify the numerical calculation:
(25)
where is the zero-order modified Bessel function of the first
kind which is needed when is in a different range than (15).
V. NUMERICAL RESULTS
As a numerical example, we consider an AT-cut quartz plate
with a typical resonator thickness of 0.2 mm. To examine
the effects of the mass-layer thickness variation, we calculate
three examples and compare the results. Case 1) is a plate with
a uniform mass layer. Case 2) is for a plate with a mass layer
whose thickness has one sudden change (step). Case 3) is sim-
ilar to Case 2), with one sudden change in the thickness with a
different amount. The specific parameters of the three cases are
as follows.
1) Uniform film 5 mm, 2.5%. The cutoff fre-
quencies of the central and outer regions are 8 078 497
Hz and 8 273 188 Hz.
2) Relatively weakly nonuniform film: 2.5 mm,
3%, 5 mm, 2.5%. From the
central to the outer regions, the cutoff frequencies are
8 042 263 Hz, 8 078 497 Hz, and 8 273 188 Hz.
3) Relatively strongly nonuniform film: 2.5 mm,
4%, 5 mm, 2.5%. The cutoff fre-
quencies are 7 972 243 Hz, 8 078 497 Hz, and 8 273 188
Hz. The only difference between Cases 2) and 3) is .
The frequencies and mode shapes of the trapped modes for
the three cases are shown in Figs. 2–4, respectively. These
modes are essentially under the mass layer (energy trapping).
The modes are normalized by their maxima.
In Fig. 2 for Case 1), there are four trapped modes. They
are all oscillatory under the film and decay outside it. The four
modes are with zero, one, two, and three nodal points and slowly
increasing frequencies. Ideally, only the first mode without
nodal points is needed for mass sensing. The frequencies of the
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Fig. 3. Trapped modes for Case 2), nonuniform film     2.5 mm,   
3%,     5 mm,    2.5%.
Fig. 4. Trapped modes for Case 3): nonuniform film     2.5 mm,   
4%,     5 mm,    2.5%.
four modes are 8 083 967 Hz, 8 107 198 Hz, 8 148 456 Hz, and
8 206 412 Hz, respectively. They are slowly increasing.
In Fig. 3 for Case 2), five trapped modes are found. They can
be classified into two categories. The first mode without a nodal
point alone represents one category. It is oscillatory under the
central circular region where the film is thick, and
decays in both the annular region where the film
is thin and the outer region where there is no film. The
four other modes with one, two, three, and four nodal points are
all oscillatory under the film everywhere regardless
of whether the film is thin or thick, and decay outside the film.
The frequencies of the modes are 8 055 622 Hz, 8 095 289 Hz,
8 130 593 Hz, 8 191 140 Hz, and 8 260 625 Hz, respectively. The
first three frequencies are slightly lower than those in Case 1)
because of the additional mass of the thick central layer.
In Fig. 4, for Case (3), five trapped modes are found. They
also fall into two categories. The first two modes with zero and
one nodal point are oscillatory under the central circular region
and decay outside it. The three other modes with two,
three, and four nodal points are oscillatory everywhere under the
film when and decay outside the film. The frequencies
of the modes are 7 989 122 Hz, 8 055 574 Hz, 8 108 798 Hz,
8 164 732 Hz, and 8 229 204 Hz, respectively.
Fig. 5. First mode from Cases 1)–3).
Fig. 6. Second mode from Cases 1)–3).
Fig. 7. Third mode from Cases 1)–3).
In Figs. 5–8, we plot the same mode from different cases
in the same figure. Clearly, as the center of the film becomes
thicker, the same mode is pushed toward the center.
VI. CONCLUSION
A nonuniform mass layer thicker at the center tends to con-
fine more modes with nodal points under the mass layer and
pushes the modes toward the center. In the region where the
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Fig. 8. Fourth mode from Cases 1)–3).
Fig. 9. Fifth mode from Cases 2) and 3).
film is thin, the vibration may be reduced significantly from os-
cillatory to decaying. The frequencies of the modes are slightly
lowered when the film becomes thicker in the center. These ef-
fects cause considerable complications in mass sensing. (For a
general discussion, the reader is referred to [8].) They also have
implications in the actual operation of electrically forced vibra-
tions of a QCR. If a trapped mode with a nodal point is pushed
under the driving electrodes, the change of sign of the shear de-
formation across the nodal point causes charge cancellation on
the electrodes and affects the impedance of the device.
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